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This paper presents an analytical solution to determine the kinematic and inertial response of a vertical 
pile embedded in a soil layer and subjected to vertical seismic excitation due to earthquake loading. The 
pile is assumed to have a circular cross section and perfectly connected to the soil. Also the soil stratum 
is assumed to be homogenous. The approach of Novak and his associates is used to derive the governing 
differential equation of the pile subjected to vertical harmonic vibrations. The kinematic response of the 
pile is first obtained considering stress free condition at the pile head and the ground surface. The inertial 
response of the pile is also determined when a concentrated mass exists at the pile head. It will be shown 
that existence of the concentrated mass at the pile head has no significant effect on the pile response. In 
fact, the general finding indicates that the inertial response of the pile is negligible compared with the 
kinematic pile response. 
 
INTRODUCTION 
The response of piled foundations subjected to 
earthquake loading in the vertical direction 
depends largely on piles, surrounding soil, and 
soil-pile interface. The dynamic response of the 
pile is named kinematic response when the pile 
head is free. The horizontal kinematic response 
for piles pile has been well identified by many 
researchers, for example Flores-Berrones and 
Whitman (1982), Kaynia and Kausel (1982), 
Barghouthi (1984), Fan et al.(1991), Gazetas 
and Makris (1992), Kavvadas and Gazetas 
(1993), Gazetas and Mylonakis (1998). 
However, for pile response under vertical 
direction, there is rare studies reported in the 
literature. Mylonakis and Gazetas (2002) 
studied the kinematic response of a single load-
free pile subjected to the vertical earthquake 
component. However they did not investigate 
the inertial effect of the earthquake.  
In this paper, the response of a vertical pile 
carrying a concentrated mass at the pile head 
and subjected to vertical earthquake 
components is investigated. In other words, 
both kinematic and inertial effect will be 
studied. This happens in real situations where 
the pile transmits the superstructure loads. This 
effect for piles has been studied for the 
horizontal earthquake component by Makris and 
Gazetas (1992).  
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ANALYTICAL MODEL 
The model considered in this study for 
calculating the inertial response of a single 
loaded pile is shown in Fig. 1. The pile is 
assumed to be vertical and embedded in a 
homogenous soil stratum based on rigid bed 
rock. The pile is only affected by the vertical 
earthquake excitation. The soil and pile are 
assumed to be connected perfectly together with 
no slip at the soil-pile interface. A mass exists at 
the pile and shows the weight of the 
superstructure. The soil surface is stress-free 
and also free drainage condition governs the 
ground surface. The bed rock is rigid and 
impermeable. The soil layer is assumed to be 
elastic with a thickness of H, Young’s module 
of Es, density of ρs and hysteric damping of β. 
The pile has a circular cross-section with a 
length of L, diameter of d and Young’s module 
of Ep . The soil-pile system is shown in Fig. 1. 
 
Fig. 1. Soil-pil system under consideration 
For modeling the soil-pile interference under 
vertical earthquake loading, dynamic Winkler 
type consisting of springs and dashpots in the 
vertical direction is used as used by others (for 
example, Gazetas and Mylonakis, (2002). 
SOLUTION PROCEDURE 
When a mass is concentrated at the pile head, 
under the vertical earthquake excitation, the 
total displacement, utotl, is obtained by 
summation of the kinematic and inertial 
responses as: 
                         (1) 
Where ukinematic and uinertial are displacements of 
the pile head due to the kinematic and inertial 
excitation, respectively. These two 
displacements are calculated separately. 
The displacement corresponding to the 
kinematic response was obtained and reported 
by Gazetas and Mylonakis (2002). The same 
expression introduced by Gazetas and 
Mylonakis (2002) is used here with some 
modifications. For these modifications the 
approach Novak (1977) is used. The kinematic 
displacement is calculated using: 
 
where L is the pile length, z is depth, and uffo is 
the soil displacement at surface. Other 
coefficients are: 
 
where Ep is Young’s modulus of pile material, 
A is the cross-sectional are of the pile, and Kb is 
the complex dynamic impedance at the pile tip. 
λ is a constant given by: 
 
where Gs is shear modulus of the soil, Sw1 and 
Sw2 are functions of the dimensionless 
frequency a0. 
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where c and m are  damping material of pile and 
pile mass per unit length. 
 
where ω is circular damping. 
 
where Vp is compressional wave velocity and β 




where r0 is pile radius and Vs is shear wave 
velocity. 
The inertial displacement can be calculated by 
applying the equilibrium equation in the vertical 
direction for an element of the pile using the 
following governing differential vibration 
equation introduced by Novak (1977) as: 
 
where w(z,t) is inertial pile displacement and 
can be decomposed as: 
 
Substituting Eq. (12) into (11), yields: 
 




The axial force transmitted by the pile at depth z 
is given by: 
 
where B and C are unknown and determined 




where wb is the inertial displacement at the pile 
toe. 
Eq. (17) shows zero stress condition at the pile 
head does not exist and the axial force is 
calculated by the concentrated multiplied by the 
pile head acceleration produced by the 
kinematic response at that point. Indeed, 
 acts at the pile head.  
Eq. (18) represents the load-displacement 
correlation of the pile toe. Kb is the stiffness and 
given by Novak (1974). 
With enforcing the above boundary conditions, 
B and C can be computed as: 
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where wh is the kinematic displacement at the 
pile head. 
Parameter B can be expressed as: 
 
B can also be written as: 
 
With the above information, the inertial 
response factor may be defined as the inertial 
displacement at the pile head divded by the 
ground surface displacement. This is: 
 
Substituting the value of displacements, 
 can be given by: 
 
Eq. (23) shows that the inertial response factor 
depends on the kinematic response factor. 
 
NUMERICAL EXAMPLE 
In this section, for more information on the 
inertial response factor of the pile, a numerical 
example is considered. Table (1) summarizes 
properties of the soil and the pile. The results 
are presented for varying values of 1, 10, 100, 








Fig. 2 shows the inertial response factor for 
M=100 tons. Fig. 3 also illustrates the inertial 
and kinematic response of the pile. The effect of 
various concentrated mass on the pile inertia 
response is presented in Fig. 4. 
 
 
Quantity Notation Value Unit 
    
Mass Density of soil       2200 Kg/m3 
Mass Density of pile 







Young’s modulus of soil  Es 410289148     Pa 
Young’s modulus of pile Ep 410289148* 
103 
    Pa 
Pile length L       20 m 
Pile diameter      d       1     m 
Shear modulus of soil     Gs 146531838.6     Pa 
Layer thickness H        40 m 
Hysteretic damping  β 0.05 - 
Pile material damping c         0 - 




    ton 
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Fig. 2. Variation of inertial response ratio versus 




Fig. 3. Variation of inertial and kinematic response 
ratio versus dimensionless frequency for M=100 tons 
 
 
Fig. 4. Variation of inertial response ratio versus 
dimensionless frequency for M=1, 10, 100, and 1000 
tons 
 
The above results clearly show that, similar to 
the horizontal inertia response of the pile, under 
the vertical component of earthquake, the 
inertial effect on the pile is also insignificant 
and the kinematic response governs. In fact, the 
values of the pile inertia response are much 
smaller than the kinematic effect and therefore, 
are negligible. For the given numerical example, 
the pile static capacity may be limited to 300 to 
400 tons. Therefore, with the admissible service 
concentrated mass on the pile head, the inertia 
effect can be confidently neglected in the pile 




The inertial and kinematic response factors for 
an isolated pile subjected to the vertical 
component of earthquake have been 
investigated using closed-form solution. The 
governing differential equation has been solved 
and the total displacement corresponding to 
both inertial and kinematic conditions has been 
computed. It has been found that for any 
admissible concentrated mass on the pile head, 
the inertial response of the pile is very small 
compared with the kinematic pile response and 
therefore, can be confidently ignored. Generally 
speaking, the existence of the concentrated mass 
at the pile head has no effect on the pile 
response. Thus, if the vertical component of 
earthquake is critical in pile foundation design, 
the kinematic effect is sufficient to consider 
confidently. 
 
APPENDIX: Impedance Coefficient 
The dynamic impedance of the soil under the 
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NOTATION 
A = pile cross-section area; 
c = damping material of pile; 
d = pile diameter; 
Ep = pile Young’s modulus; 
Es = soil Young’s modulus; 
H = soil thickness; 
Iv = kinematic response factor; 
Iˊ v = inertial response factor; 
i = ; 
Kb = complex dynamic impedance at pile tip; 
L = pile length; 
m = pile mass per unit length; 
P = axial pile force; 
t = time; 
uff = vertical soil displacement; 
z = depth; 
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